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Abstract

Using the method described in [11], we present some new ladder type operators and
recurrence relations for the radial wave functions of the N-th dimensional isotropic harmonic
oscillators and the hydrogenlike atoms.
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1 Introduction

The Schrodinger equation
(7, 0) = HY (1),

h
where h is the Planck’s constant, H = —2—V2 +U(7, t) the Hamiltonian operator, ¥ (7,t) the
i

wave function of the variables 7 (spacial) and ¢ (time), and V? the Laplace operator, describes
the physical states of a particle or of a system, where U(7,t) and p represents the potential
energy and mass, respectively.

In the particular case where the potential I/ is time independent, one may write

U(F, ) = P(F)e 7, (1.1)

where the time independent wave function (7) is such that

H(F) = (—Q’LW +u) () = By, (1.2)
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which means that the sum of the kinetic energy with the potential energy coincides with the
total energy E. Hence, the energy E and the time independent wave function (7) are the
corresponding eigenvalues and eigenfunctions, respectively, of the equation (1.2). They define,
through (1.1), the wave function .

Numerous problems connected to the theory and applications of quantum and classic me-
chanics, correspond to potentials & which can be solved analytically [8, 17, 18, 20]. Its descrip-
tion by Schrédinger equation leads, in many situations, to a generalized differential equation of
hypergeometric type

N I Y (1.3)
o(z) o?(z)
where o, ¢ and 7 are polynomials such that deg[o] < 2, deg[d] < 2 and deg[7] < 1, which,
through a change of variables u(z) = ¢(2)y(z), can be transformed [27] into a more simpler
equation, known by equation of hypergeometric type

o(2)y" (2) + 7(2)y' (2) + My(z) =0, (1.4)

where o and 7 are polynomials of degree less or equal to two and one, respectively, and A
is a constant. The solutions of (1.4) are known as hypergeometric type functions, being the
Bessel, Airy, Weber, Whittaker, Gauss, Kummer and the Hermite functions, as well as the
classic orthogonal polynomials, some of the most relevant examples. Numerous of its properties
can be found in [2, 13, 26, 27, 30, 34].

There exist many applications in modern physics that require the knowledge of the wave
functions of hydrogenlike atoms and the isotropic harmonic oscillators. They are important,
for instance, to find the corresponding matrix elements of several physical quantities (see e.g.
[25, 31] and references therein). Among several methods for generating such wave functions,
the so-called factorization method (see e.g. [19]) is particularly relevant (for more recent papers
see e.g. [6, 20, 24, 32]). Moreover, the ladder type operators and the recurrence relations for
these wave functions are useful for finding the transition probabilities and for the evaluation
of certain integrals [25, 31]. In order to obtain such recurrence relations, several authors have
developed different methods (see e.g. [9, 28, 29]). Most of them are based on the connection
of such functions with the classical Laguerre polynomials. A Laplace-transform-based method
has been developed recently [9, 33] but the calculation are cumbersome and requires inversion
formulas.

An unified approach for generating recurrence relations and ladder-type operators for the
N-th dimensional isotropic harmonic oscillators and the hydrogenlike atoms was presented in
[11]: it explores the connection between the radial wave functions and the classical Laguerre
polynomials together with a general theorem for the hypergeometric-type functions [27] that will
enable to obtain several new relations for these polynomials and therefore for the wave functions.
Its advantage, comparing to the others approach, it’s not only because it can be easily extended
to other exactly solvable models which involves hypergeometric functions or polynomials (see
e.g. [8]), but also because it is a constructive method: one chooses the values of the parameters
and one gets the corresponding coefficients. Using the same idea used to prove the above
mentioned general theorem, many authors [14, 15, 35, 36] derived new recurrence relations for
the hypergeometric polynomials and functions, i.e., the solutions of the second order differential
equation (1.4).
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In some of the most important applications, as the one that describes the hydrogen atom
and the one of the isotropic harmonic oscillator, equation (1.2) can be solved by changing from
cartesian 7 = (x,y, z) to spherical coordinates 7 = (r, 6, ¢), admitting valid the separation of
variables ¢ (r,0,¢) = R(r)Y(6,¢). We then get two differential equations of type (1.3), one
for R(r) (the radial part) and the other for Y (6,¢) (the angular part), which, after being
transformed into equation (1.4), admits polynomial solutions (classic orthogonal polynomials)
[27, 33].

Here, we will apply the above mentioned technique to generate several new ladder type
operators and recurrence relations for the radial wave functions of the hydrogen atom and the
isotropic harmonic oscillator. With one exception for the theorems 3.1, 3.2, 4.1 and 4.2, all
the recurrence relations and ladder-type operators of sections 3 and 4 are original and are not
published elsewhere.

The structure of the paper is as follows: In section 2 the needed results and notations from
the special function theory are introduced. In section 3 the isotropic harmonic oscillator is
introduced and several recurrence and ladder-type relations are obtained. Similar results for the
hydrogenlike atoms is presented in section 4. Finally, relevant references are quoted.

2 Preliminaries

In this section we deal with the hypergeometric functions y,, which are solutions of the hyper-
geometric type differential equation (1.4), where v is such that A = —v7' — v(v — 1)0” /2. This
functions y, have the form [27]

Co [ o"(s)ls)
z) =y, (2) = ds, 2.1
v = le) = ot [ 0 2.1)
where p is a solution of the Pearson equation (op) = 7p, o and 7 do not depend on v, C is a
contour in the complex plane such that its end points s; and sy satisfy the condition

0" (s)p(s)|”
(s — z)v+2

—0, (2.2)

S1

and C,, is a normalizing factor.

For the hypergeometric functions y, the following theorem holds [27, page 18]:

Theorem 2.1 Let yl(,fi)(z), 1 =1,2,3, be any three derivatives of order k; of the functions of
hypergeometric type being v; — v; an integer and such that

O.V0+1(S)p(s) Sm
(s — z)Ho

52

=0, m=0,1,2,...,

s1
where vy denotes the index v; with minimal real part and pg the one with maximal real part.
Then, there exist three non vanishing polynomials Bi(z), i =1,2,3, such that

Z Bi(2)yf(z) = . (2.3)
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A special case of these functions are the polynomials of hypergeometric type, i.e., the poly-
nomial solutions of the equation (1.4). They are defined by [27]

G [,
pn(2) = p(z)?{(s—z)”“rld ) 0,1,2,...,

i.e., the same function y, of the expression (2.1) but the contour C' is closed and v is a non-
negative integer. Notice that, in this case, the condition (2.2) is automatically fulfilled, so the
Theorem 2.1 holds for any family of polynomials of hypergeometric type. Notice also that The-
orem 2.1 assures the existence of the non vanishing polynomials in (2.3) and its proof suggests a
method to follow but it requires the computation of the polynomials coefficients B;, i = 1,2, 3.
In general, it is not easy to find explicit expressions for these polynomials B; but, in some cases
[10, 14, 15, 16, 35, 36], these coefficients are obtained explicitly in terms of the coefficients of
the polynomials o and 7 in (1.4).

An example of such polynomials are the Laguerre polynomials L defined by the hypergeo-
metric series

zk

Ln(x)_(n,)lFl(oH_l 96>=

M:

oz+1kk:"

i

0
(a)o:=1, (a)p:=ala+1)(a+2)---(a+k—-1), k=1,23,.

These polynomials satisfy the following recurrence and differential-recurrence relations useful in
the next sections (see e.g. [1, 27, 34])

d

T 15(@) = ~ Lot (@), (2.4)

v L) = nLG() — (0t )Ly () = (4 DL (@) — (ko b1 - 2)L5(),  (25)
PL3(w) = (0 -+ DIG(@) — (0 + DI () (2.)

2L () = (0 + @) L5 (2) — (0 — )L (@), (2.7

137 (w) = Li(x) - Ly (a), (28)

(m+1)Ly () —2n+a+1—2)Ly(x) + (n+a)Ly_(x) =0. (2.9)

Other instances of hypergeometric polynomials are the Jacobi, Bessel and Hermite polyno-
mials [12, 27, 34].

3 Radial wave functions of the isotropic harmonic oscillator

The N-dimensional isotropic harmonic oscillator (I.LH.O.) is described by the Shrédinger equation

L2 o) g N0
< A+2)\r>\IJ_E\IJ, A_;8$k7
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For solving it one uses the method of separation of variables that leads to a solution of the form
U= Rfjlv) (r)Yim(Qn), where Rslv) (r) is the radial part, usually called the radial wave functions,
defined by (see e.g. [7, 9])

R(]ZV)(T') :NT(L;V) rle—%/\r Ll+2 ()\?“2), N’(;V) —

n

(3.1)

being n=0,1,2,... and [ =0,1,2,..., the quantum numbers, and N > 3 the dimension of the
space. The angular part Y},,(Q2x) are the so-called Nth-spherical or hyperspherical harmonics
[7, 26]. In the following, we will assume that the parameters n, I, N are nonnegative integers.

3.1 Recurrence relations for the I.H.O. radial wave functions

The next theorem establishes a general recurrence relation for three different radial wave func-
tions of the N-th dimensional isotropic harmonic oscillator.

(N) (N) () : : :
Theorem 3.1 Let R,;’(r), R, 14, (r) and R, 5 ., (r) be three different radial wave func
tions of the N-th dimensional isotropic harmonic osczllator, were ny ,ne and l1 ,ls are integers
such that min (n + ni,n + ne,l + 11,1+ 1l2) > 0. Then, there exist non-vanishing polynomials in
r, Ao, A1, and As, such that

N N

AOR;J)(T) + A1R7(1+311 l+l1( )+ A2R7(1+)nz l+lz( r) =0. (3.2)
Its proof can be found in [11] and a crucial relation [11, formula (3.7), page 2058] to find explicitly
the polynomials coefficients Ay, A1 and As corresponding to a given choice of the parameters
ni, no, I and lg, is

N
(l+l1)+7—

n+ni

(s) + LT Ly ) (3.3)

n+no

N _
C(]Lln+ 2 1(8) +C{L

where s = A\r2. Then, after the constants C;, i = 0, 1,2, are determined, relation (3.2) is fulfilled
with
N\ ! N -1 N 1

Ao = (M) ot A = (M ) Gt A= (M) Gt (B4)

In general, it is not easy to obtain the coefficients C; in (3.3). Nevertheless, combining
in a certain way the properties (2.4)—(2.9) they can be easily identified. We’ll show how this
technique works in the following examples. The idea is as follows: one should first decide which
values of ny, ng, 1 and lp in (3.2) one wants to consider. Then, combining in a certain way

Eqs. (2.4)—(2.9), one transforms (3.3) into one of the formulas (2.4)—(2.9) or in a sum of linearly
independent Laguerre polynomials from where the unknown coefficients easily follow.
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L] Casenlz—l,11:O,n2:2,12:0.

The radial wave functions of the isotropic harmonic oscillator satisfy the following three term
recurrence relation:

N)l () +

n—1,

\/n(n+l+%—1) @n+l+5+2-X*)R

(1) (n+1+5) = @+ 1+5 - n2) @n+ 1+ 5 +2-02) [BY )+ (35)

\/(n—i- Dn+2) (n+1+5) (n+1+1+5) RY), () =0.
Proof. Considering n; = —1, ng =2, l; =l =0 and a = + & — 1 then (3.3) becomes
CoLy(s) +Cily_y(s) + C2Ly 5(s) = 0.

From (2.9) we may write

_2Znta+3—-s n+l+a

nt2(s) = T at2 nt1(8) — Thnt2 Ly(s),

which enable us to transform the above equation into

2n+a+3—s
n+ 2

n+1+a

CoLy () + <Co i

CQ) LZ(S) + Clefl(S) =0.

Comparing with relation (2.9) one gets a solution

Co=n+1l)n+a+1l)—2n+a+1-s)2n+a+3—s),
Ci=n+a)2n+a+3—-s), Cr=(n+1)(n+2).

Introducing this expressions into (3.4) and using (3.1) gives

I'(n+l+ %) N N N )
P(n—1+1+% N N
Ay = (o NQ) [(n—i—l—i——l) <2n+l++2—)\r2)],
2(n — 1)z 2 2
F(n+2+1+%
Ay = ( NQ) (n+1)(n+2),
\ 2m+2)0s
which, through (3.2), proves (3.5). O
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In a similar way, by using formula (2.9), one can prove the following case.

e Casen; =-2,1,=0,n=1,13 =0.

N)2 () +

n—as,

\/n(n—l)(n+l+%—1) (n+l+5-2)R

[n(n—i—l—i—%—l)—(Zn—i—l—i—%—)\ﬂ) (2n+l+%—2—/\r2)]R5L{\;)(T)+

\/(n—f-l) (n+i+ ) @n+i+ ¥ —2- xRN () =0.

e Casen; =0,1; =—-2,n; =0, 15 =2.

/\rQ\/(n+l+%—2) (ni+ ¥ —1) ((+ 5+ 22 RN, (r)-

{5 =20x2) [(n= 22 —n(n+14+-5) | - (145 =1) 1+ 5 -2) @+ F+22) RO () +

n,l

X2 (1 8 (1Y 1) (45 -2+ 02) BY,,(r) = 0.
(3.6)
Proof. In this case (3.3) becomes
CoL%(s) + C1Le72(s) + CoL2T2(s) = 0, (3.7)
Wherea:l+%—1.
On one hand, using twice (2.8) and (2.9) we have
-1 l—a-—s
o2 = 27~ o — LY . 3.8
n (3> n+a-—1 n(s)+n+a_1 nfl(‘S) ( )
On the other hand, using twice (2.7) we may write
1 _ )2
Lg#2(s) = PO ppt ¢ PO pe 0 O e, 39)
Hence, introducing (3.8) and (3.9) into equation (3.7) it results
niatl Oy 19H(s) = = (Co + 7255 O + 5 o) La(s)-
(3.10)

(% Cy + nelfs=n) 02) LE(s).

Using (2.4) in the left member of (3.10) and comparing the resulting equation with (2.5) one is
able to compute the coefficients
Co=(1-a—-s)(s?—2ns—an—n)— (a—1)(n+a)(a+1+s),
Ci=n+a)(n+ta—-1)(at+1+s), Co=—(1—a—s)s>
Introducing the corresponding expressions into (3.4), one gets the coefficients Ag, A; and As.

Using this last ones in (3.2) it results, after some simplifications, (3.6).
O
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L] Casenlzo,11:—1,n2:O,12:2.

\/A (n+i+ 5 —1) (2 + 1+ 5) rRY () -

et 4 1) (4 5 1) (1 ) | B )+ (311

\/(n—i- L+ Y) (n+ 1+ Y+ 1) M2 RY, () = 0.
Proof. Considering n1 = 0,l; = —1,n9 = 0 and I3 = 2 in (3.3) one gets
CoL2(s) + C1Le71(s) + Co LA T2 (s) = 0,

where a = [ + & — 1. From (2.6) and (2.8) we may write

s2

n—s)? P n+a)(n—s o
mEL Oy Lot (s) = (=Co — C1 = U250) La(s) + (O + =y ) 1 (s),

hence, in a similar way to the preceding case, first using (2.4) and then comparing with (2.5),
one may consider the solution

Co=s*+(a—n)s+ala+1), Ci=—-(n+a)(s+a+l), Cy=-s52. (3.12)

Computing the coefficients Ap, A; and Ag in (3.4), substituting in (3.2) and simplifying the
resulting equation one gets (3.11).

0

Remark 3.1 We notice that the way to find Cy, C1 and Csy is not unique. For instance, one
could have make use of (2.6) in the left member of (3.12), in order to obtain a linear combination
of two linearly independent polynomials L% (s) and LS_,(s),

52

from which we may obtain the same solution (3.12).
The following cases can be proved by a similar reasoning.

e Casen; =0,1; =1, n =0, 13 = —-2.

Voti+ Y 1) 1+ 5 - 2) 2B )+

(==Y (n+1+Y-1)+n—n2) (M2 +1+Y -2)] R (r)+

nl

An+1+5) (W2 +1+ 5 -2 TRSXL(T) =0.
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L] CaSOIIl:—]_,ll:—]_,n2:2,1220

\/,\n(n+l+%—1) (n+1+4 —2) (2n+l+%+2—/\r2)ar]f)Ll_1(r)+

[(n+l+%—1)(n+1)(/\r2—n)—n(n+l+%—1) 2n+1+5 +2-x?) -

(2n+1+ 5 = 2?) @0+ 1+ ¥+ 2 x2) (W2 = )| R )+

\/(n—l—l)(n+2) (n+1+5) (n+1+ 5 +1)AUI(M2 —n)R(Y) (1) = 0.

e Casoni=-1,11 =—1,n;=1,13 = —

\/)\n(n+l+%—1) (n—l—l—i—%—2)RJX)17171(7")+)\7“()\7“ —1-5- 2n+1)R(N)( )+

n

A+ (X% = )R, (r) = 0.

e Cason; =-1,1; =0, ny =2, 15 = —2.

\/n(n—i-l—i-%—l) (l—l—%—Q—/\r?)ani)ll(r)—i-

)

(N)
n,l

[+ 1) (+5-2) - @n+i+ 5 —n?) (+§ —2-x?) |R
(n+1)(n+2) AT?RSVF)Z,Z*Q(T) =

e Cason;=-1,1; =0, n; =0, 1, = 2.

(r)+

\/n (n+1+5-1)(1+5+NM)R N)ll(r) + [)\27"4 — 2 nr? — (1 + %)n}Rﬁi\lf)(r)—

n—1,

Vot i+ 3) (+n+ 5+ 1)x2R0Y) ) = 0.

e Cason; =1,1; =0, n, =0, 15 = 2.

(n+1+%) (l+%)Rg)(r)—\/(l+%+n) -+ +n+1)A2RUD, ()~

Vot ) i+ 3) (45 +x2) B () =0,

3.2 Ladder-type relations for the I.H.O. radial wave functions

The next theorem establishes a linear relation with polynomials coefficients, involving two radial
wave functions of the I.H.O. and the derivative of one of them. Some of these relations will define
the so-called ladder operators for the radial wave functions and have important applications in
the so-called factorization method (see e.g. [6, 19, 20, 25, 32]).
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Theorem 3.2 Let RS\I[) (r) and RiLJr)nl 141, (1) be two radial functions of the N-th dimensional
isotropic harmonic oscillator and let min (n +n1,l+11) > 0 and (n1)? + (11)? # 0, where ny

and Iy are integers. Then, there exist not vanishing polynomials in r, Ag, A1, and As, such that

d

- RV () + RN, L, () =0. (3.13)

AOR’I(’LJ)( ) + Al n+ni,l+1l1

Its proof can be found in [11] and the fundamental relation to find the relation (3.13) that
corresponds to a certain choice of the parameters n; and [y is the following:

BoL%(s) + B1Lo 1 (s) + Bo LTl (s) = 0, (3.14)

n+ni

where s = A2, a = [+ % — 1 and the coefficients By, B1, By are non-vanishing polynomials.
Then,

(V)
d l N, _
By + M (By — 2B0) = Bi - Ry (r) = 20By— TR, () (3.15)
n+n1,l+ll

is the equivalent operator form of equation (3.13).

By presenting some examples, we will show how one can obtain ladder-type relations for the
radial wave function R(N) (r) of the .LH.O.. Again, we have only an existing theorem but its
proof suggests partlally the way. We proceed as follows: first, one fixes the relation (3.13) by
choosing the values of the parameters n; and /;. Then, after we introduce this parameters into
(3.14), we combine in a certain way Eqs. (2.4)-(2.9) in order to transform (3.14) into one of
the formulas (2.4)—(2.9) or in a sum of linearly independent Laguerre polynomials and solve the
resulting equations for the unknown coefficients.

e Casen; = —2,1; = 2.

Km«? - N> (; A — i) - 2)\nr] RU)(r) = 2xry/n(n — DRY) (). (3.16)

2 )
Proof. Substituting ny = —2 and /1 = 2 in (3.14) one gets
BoLg(s) + BLot{(s) + BoLat3(s) = 0. (3.17)

Using (2.6) and (2.8) in (3.17) it becomes

-1
BoLo+(s) + <—Bo B -l BQ> Lot(s) + <” Top > Lot(s) = 0.
s
Comparing with (2.9) we may consider
By=n, Bi=s—a—1, By=s.

Then, (3.16) follows by introducing the above coefficients, together with n; = —2 and [; = 2,
into (3.15) and using, as well, (3.1). O
The proof of the next cases of this section are similar to the previous ones so we will omit it.

10
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e Cason; =0,1, =2

[(Ar2+l+%) (d%+/\r—%)+2Ar(r2—n)}R ") = —2/\r\/(n+l+%) (ni+ Y +1) RV, ().

n,

® 111:2,11:—1.

N L (pai+ N _2p2)2
[% (n+1+5 - x?) (i _ l—)\r2> _ (D) (a4 5 )+ (nlt 5 —Ar?) ] R () =

dr r T n,l

VA4 +2) (014 5) R ().

L] 1’11:2,11:—2.

N N
0+ % =200 (B ar— ) - 2EE ) - oD ) -
N
MW+ D+ 2R, ().

4 Radial wave functions for the Hydrogen atom.

In this section we will provide a similar study for the N —dimensional Hydrogen atom described
by the Shrédinger equation

1 "9
A-v=—ry, A=S"2 -
< r> ’ Z@x’ "

(V)
nl

l
Ny . ar(N) r r 24+ N—2 r
R r)=N exp| ————+ | L _ .
nl (r) ol (n—l-g—g) p( 2(n+]¥—;’)> n-i-l (n-i-g—;’)

Here n=0,1,2,... and [ =0,1,2,... are the quantum numbers, N > 3 is the dimension of the

The solution is given by ¥ = R,/ (1) Y}, (2n ), where the radial part Rfflv) (r) is defined by [5, 21|

space, and the normalizing constant ./\féjy) is

() _ (n—1—1)! 2
. _\/(n+l+N—3)! (n+¥)2' (4.1)

As before, Y},,(Qx) denotes the hyperspherical harmonics.

Here it is important to notice that the Laguerre polynomials that appear in the expression
of the radial wave functions are not the classical ones LS (x) in the sense that the parameter

11
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a as well as the variable x depend on the degree of the polynomials, n. Nevertheless, the
algebraic properties of the classical Laguerre polynomials (2.4)—(2.9) can be used for deriving
the algebraic relations of the radial wave functions as we will show in this section. When
the parameters of the classical polynomials depend on n, the polynomials are orthogonal with
respect to a variant weights [22, 23]. Using the theory of these variant classical polynomials the
same recurrence relations can be derived as it is shown in [37]. For more details on this varying
classical polynomials we refer the reader to the aforesaid works [22, 23, 37].

4.1 Recurrence relations for the radial wave functions of the Hydrogen atom

We begin this subsection with a general theorem involving three different radial wave functions
of the Hydrogen atom. We notice that it’s only an existent theorem.

Theorem 4.1 Let the functions Rfflv) [(n + %) 7“], Rfﬁ)m’lﬂl [(n +n1 + #) 7“] and
Rfﬁ)m Il [(n + ng + %) r] be three different radial wave functions of the N -th Hydrogen atom

and ni,n2 and ly,ly integers such that min (n +ny,n + ng, L+ 11,1+ 1l3) > 0. Then, there exist
non-vanishing polynomials in r, Ag, A1, and As, such that

AORS[V) [(n+253) 7’}+A1R§L]X)nhl+ll [(n+n+552) r]+A2R7(Z]j_)nQ7l+l2 [(n+no+252) 7] :(0, |
4.2

Its proof can be found in [11]. The corresponding relations that we are going to use in order
to obtain the coefficients for the different choices of the parameters ni, no, l1 and Iy are the
following:

ASLS (r) + ATLOP2h () + ASLOT22 (1) =0, a=24+N-2, m=n—1—1, (43)

m+ni—I1 m-+no—lo

and
—1 —1
A (N (7)) RY) [(n+ ¥52) 7] + 43 (N (ﬂl,ml) P RD o [+ ) ] +

) ., n
A; (NTE]-:—[??IQ,l+l2> T_Z2R'EZ]-\|]—?!7,2,Z+12 [(n + n2 + #) T’] = 0
(4.4)

Relation (4.4) corresponds to (4.2) with

-1 -1
Ap = AS <'N’7Ef;])> Tll+12’ A= AT (Néj—i\-c)u,l—i-h) TZQ’ Ay = AS (Nfgj—i\-?zz,l—i-lz) rh.

Next we are going to present some examples involving recurrence relations with the radial
wave functions of the Hydrogen atom. The technique works analogously to the corresponding
ones of the isotropic harmonic oscillator, since as we said before, the formulas (2.4)-(2.9) remain
valid for this Laguerre polynomials.

12
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e Case 1’11:—1,11:0, 1’12:2,12:0.

(n=Dn+1+N—-2)—2n+N-3-r)2n+N —1—7)] R [(n+2:3) 7] 4

2
N-5
Vin+Il+N-=-3)n—1-1)2n+N—-1-7) (%) Rn]f)l

2

[\

+/(n I+ N-1D)n+I+N-2)(n—1)(n—1+1) ("+M> R, [(n+ Y1) r] = 0.

o=
(4.5)
Proof. Considering n; = —1, I3 = 0, ng = 2 and Il = 0 in relation (4.3) one obtains
AgLy,(r) + ALy, 1 (r) + ALy, 45(r) = 0.
By (2.9) the previous equation may be written in the form
N m+1 .\ . « 2mta+l-—7r .\ ,
A5 Ly o(r) + “mto AT ) Ly 1 (r) + | Ag + . A1) Ly, (r) =0,
which, again by (2.9), enables to write the solution
Aj=(m+1)(m+a+1)—2m+a+1—7r)2m+a+3—r1),
Al=(m+a)2m+a+3—-71), A5=(m+1)(m+2).
Introducing this expressions in (4.4), together with (4.1), one gets (4.5). O

The proof of next case is similar to the previous one so we will omit it.

e Casen; =—-2,1; =0, n2=1,15 =0.

[(n+1+N=3)(n—1-1)—@n+N-3-7)2n+N—5-7)] RS [(n+252)r] +

N-—-7 2
VO I N -3 (n+ I+ N D —1—2)(n—1—1) (ZLV) R, [(n+ 25T) ] +

2
e N1
VoFI+N=2)n—1)(2n+N—-5-1) (an) RN [(n+ N2 r) =o.

e Casen;=—-1,11=-1,np=1,1, = —

(2n+ N -3 — r)ng) [(n + %) r} +

2
n+N=5
VOt I+ N —3)n+ I+ N—4)(r—2l— N +3) (,;@) RSOy [(n+ 552) r] +

No1 2
VIO =T+ D)n—D@2+N—-3+7) <ZIN) RUD [+ 551 ] =0
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Proof. Considering ny = —1, [; = —1, ng =1 and Iy = —1 in (4.3) it follows

ALY, (2) + ATLT2(2) + A3 Lo 5 (2) = 0,

which, by (2.6), may be transformed into

[(m + 1;§m +2) AL+ A;] L%fg(z) B 2(m + 17?2(m + a) A L%fl(Z)—l-
[<m T O‘)(g i) TN A’{} Lo7%(z) = 0.

Comparing with (2.9) we may write the solution
Ay =0C2m+a+1-—r)? Al=m+a)(m+a—-1)(r—a+1l),
As=(m+2)(m+1)(a—1+7).

Introducing it in (4.4) and using (4.1) one gets (4.6).

The proof of next case is similar to the previous one so we will omit it.

o Casen1:—2,11:O,n2:2,12:0

[(2n+N*3*T)(2n+N75—T)(2n+N—17T)+
n—l—1)(n+l+N—-3)2n+N—-1-r) +

(n=D)(n+1+N=2)2n+N=5-7)|RY [(n+ ¥52) r] +

+/n—1-1)n—1-2)(n+1+N-3)n+Il+N—-4)2n+N —1—7r)x

nt+ 87T ’ () N-7
wrrez ) Fnhy [(n+257) ] +

Vin—l-1)n—1-2)(n+1+N-1)(n+1+N—-2)x

2
nt N1
(n=D(n—1+1)@2n+N=5-r) (an) Bl [+ 251) ] =o0.

4.2 Ladder-type operators for the radial wave functions of the Hydrogen
atom
Now we will state for the N-th Hydrogen atom a general theorem for ladder-type operators.

Theorem 4.2 Let Rglv) [(n + %) r] , and Rﬁi\pnl,l‘i“ll [(n +n1 + %) 1"] two different radial

wave functions of the N-th Hydrogen atom and %RSIV) [(n + %) 7“] , the first derivative with

14
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respect to v, where ny and ly are integers such that min (n +ny,l+ 1) > 0, (n1)? + (I1)®> # 0
Then, there exist not vanishing polynomials in r, Ag, A1 and As, such that

ARy [(n 4 32) r] + AR [(n+ M52 r] + A0 RD o [t + 252 o] = ? |
AT

The relevant identities of the corresponding proof [11] that are going to be used for the compu-
tation of the coefficients of the examples are

BoLp,(2) + BiLy " (2) + B Loty (2) = 0 (4.8)
where z = an]’\’,fg, a=2l+N—-2, m=n—1-—1, and
(N)
d 1 1 N
! (N) N-3 _ ! (N) N-3
rh [Bl (dr . + 2) — Bo] R,, [(n—l— > )r] = By (N;L Rn+n1,l+l1 [(n—f—m—f— 5 )r] .
n+ni,l+10;

(4.9)
Relation (4.9) is the corresponding operator form of equation (4.7). Again, it is easy to obtain
several ladder operators in n and [ for the radial wave functions of the N-th Hydrogen atom.

e Casen; =—-2,1; =1
2r 27/d 1 1
(n—1=1)(n+1+N =352 Z ) bR [(n+ 52) 1] = (4.10)
2
2\/(n—l—1)(n—l—2)(n—l—3)(n+l+N—3) n+ 8T RN N7
M+ N3 nt Nz | ez [\ )T
Proof. Considering ny = —2 and [; = 1 in formula (4.8) it results

BoL%,(2) + BiL%M, (2) + BoaL% % (2) = 0.

Using relation (2.8) for L2, and relations (2.6) and (2.9) for L%%, one may write the above

m—3’
equation in the form

m+oq—z
z

m—1

BOng_l(z) + (Bl — By — B2> L?ntll (Z) + BZL;lnt12(Z) =0.

z

Comparing with (2.9), we may consider the solution
By=m(m+a—z2), By=(@m-1)(m+a)—(m+a—2)>* By=(m+a)z,
which, together with (4.1), transform relation (4.9) into (4.10). O

The proof of the following case can be done in a similar way to the previous one.

15
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e Casen; =2el; = 1.

%{[(%—n—i—l)2—(n—l)(n+l+N—1)}<di—£+%>—

gtk =2 = N +2)(gn2e—g —n+ 1+ 1)+ (n—)(n+1+N - 1) | RE [(n+253) r] =
(N)

nl

/(=0 (n+I+N)(n+l+N-1)(n+I+N-2) [ n+HL 2 M) N1
IntN—3 nt N3 n+2,1+1 [(n+ )r].

Concluding remarks

In this paper we present some new examples of recurrence relations and ladder-type operators
both for the radial wave functions of the ISOTROPIC HARMONIC OSCILLATOR and for the Hy-
DROGEN ATOM. The main aim is not only to exhibit the representative coefficients but to show
its simplicity and the naturalness of the corresponding technique. It is a very simple and con-
structive approach: the existence of the coefficients is based on a general result for functions
of hypergeometric type, due to A.F. Nikiforov and V.B. Uvarov, and its specific computation
derives from the relation between the corresponding radial wave functions and the Laguerre
polynomials. We notice that the set of formulas (2.4)—(2.9) allows one to choose without any
restrictions the quantum parameters n; and [; that figure in the radial wave functions. This
way, comparing to others approach [9, 33], we hope to point out that the approach described
in [11] is not only more attainable but also more embracing and unified since one can choose
arbitrarily the parameters and the same technique works for the recurrence relations and for
the ladder operators of the radial wave functions of both the isotropic harmonic oscillator and
the Hydrogen atom. Beyond that, it remains valid for other quantum systems like, for instance,
the Morse problem [28] and the relativistic Hydrogen atom [33] since the corresponding wave
functions are proportional to the Laguerre polynomials. Obviously, this method for finding re-
currence relations can be extended to any quantum system whose (radial) wave function are
proportional to hypergeometric-type functions (see e.g. [8]).

To conclude this paper let us mention that a numerical study of several recurrence relations
as well as ladder-type relations were studied in [4]. The extension of the method for the discrete
case was done in [3].
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